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On asubclass of certain k-starlike functions
with negative coefficients
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Abstract. The aimof the present paper is to show some properties of functions
belonging to the class(k, n, α) − ST . The obtainedresults extend the results by Silver-
man [3].
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1 Intr oduction

Denote byH a classof functions of the form

f (z) = z + a2z2 + ∙ ∙ ∙ (1.1)

analytic in the open unit diskU = {z ∈ C : |z| < 1}, byS the classof functions
(1.1), analytic and univalent inU, by ST (α) subclassconsisting of starlike and
univalent functions of orderα and byk − ST (0 ≤ k < ∞) a classof k-
starlike univalent functions inU, introduced in [2] and investigated Lecko and
Wisniowska in [1].

It is known that everyf ∈ k − ST has acontiounus extensiontoU, f (U) is
bounded andf (∂U) is a rectifiable curve [2].

Lemma 1.1. [1]Let f ∈ S and0 ≤ k < ∞. Then f ∈ k − ST iff

Re

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}
≥ 0 (1.2)

z ∈ U, |ζ | ≤ k.
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LetT denote thesubclass consisting of functions whose nonzero coefficients,
from the second on,are negative. That is, an analytic and univalent functionf is
in T if it can be expressed as

f (z) = z −
∞∑

n=2

anzn, an ≥ 0, n ∈ N. (1.3)

In [3], Silverman introduced the subclass ofT denoted byT ∗(α) whichconsists
of functions, that are starlike of orderα.

Denote byA(n) the classof functions of the form

f (z) = z −
∞∑

m=n+1

amzm, am ≥ 0, n ∈ N (1.4)

thatare analytic in the open unit discU. In the present paper, a subclass(k, n, α)−
ST of starlike functions in the open unit discU is introduced. A function
f (z) ∈ A(n) is saidto be in the class(k, n, α) − ST if it satisfies

Re

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}
≥ α (1.5)

for someα (0 ≤ α < 1),z ∈ U, and|ζ | ≤ k, k ≥ 0.
We note that(0, 1, α)−ST ≡ T ∗(α) and(k, 1, 0)−ST ≡ k −ST ∩A(n).

Our class(k, n, α) − ST is thegeneralization of the classT ∗(α) introducedby
Silverman in [3].

2 Some results of the class(k, n, α) − ST

Theorem2.1. A function f ∈ A(n) is in the class(k, n, α) − ST iff

∞∑

m=n+1

[k(m − 1) + m − α] am ≤ 1 − α. (2.1)

Proof. Let f ∈ (k, n, α) − ST . Thenwe have from (1.5)

Re

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}

= Re

{
z −

∑∞
m=n+1 mamzm − ζ

∑∞
m=n+1 amzm−1 + ζ

∑∞
m=n+1 mamzm−1

z −
∑∞

m=n+1 amzm

}

≥ α.
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If we choosez andζ real and letz → 1− andζ → −k+, weget,

1 −
∑∞

m=n+1 mam + k
∑∞

m=n+1 am − k
∑∞

m=n+1 mam

1 −
∑∞

m=n+1 am
≥ α

or
∞∑

m=n+1

[k(m − 1) + m − α] am ≤ 1 − α

which isequivalent to (2.1).
Conversely, assume that (2.1) is true. Then

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}

=

{
ζ

z
+

(z − ζ )
(
1 −

∑∞
m=n+1 mamzm−1

)

z −
∑∞

m=n+1 amzm

}

=

{
1 −

∑∞
m=n+1 mamzm−1 + ζ

∑∞
m=n+1(m − 1)amzm−2

1 −
∑∞

m=n+1 amzm−1

}

for |z| < 1. If we choosez → 1− andζ → −k+ through realvalues, we obtain

Re

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}
=

1 −
∑∞

m=n+1 [k(m − 1) + m] am

1 −
∑∞

m=n+1 am
. (2.2)

If (2.1) is rewritten as

∞∑

m=n+1

[km+ m − k] am ≤ 1 − α + α

∞∑

m=n+1

am,

and (2.2)is used, then we obtain

Re

{
ζ

z
+

(z − ζ ) f ′(z)

f (z)

}
≥

α
(
1 −

∑∞
m=n+1 am

)

1 −
∑∞

m=n+1 am
= α.

Thus f ∈ (k, n, α) − ST .

Theorem2.2. If f ∈ (k, n, α) − ST , thenwe obtain

r −
1 − α

(1 + k)n + (1 − α)
r n+1 ≤ | f (z)| ≤ r +

1 − α

(1 + k)n + (1 − α)
r n+1
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for |z| = r , with equality for

f (z) = z −
1 − α

(1 + k)n + (1 − α)
zn+1; z = ∓r

Proof. From (2.1), we have

∞∑

m=n+1

am ≤
1 − α

(1 + k)n + (1 − α)
. (2.3)

Thus,

| f (z)| ≤ r +
∞∑

m=n+1

amr m ≤ r + r n+1
∞∑

m=n+1

am ≤ r +
1 − α

(1 + k)n + (1 − α)
r n+1.

Similarly,

| f (z)| ≥ r −
∞∑

m=n+1

amr m ≥ r − r n+1
∞∑

m=n+1

am ≥ r −
1 − α

(1 + k)n + (1 − α)
r n+1.

Theorem2.3. If f ∈ (k, n, α) − ST , then

1 −
(1 − α)(n + 1)

(1 + k)n + (1 − α)
r n ≤ | f ′(z)| ≤ 1 +

(1 − α)(n + 1)

(1 + k)n + (1 − α)
r n

for |z| = r , with equality for

f (z) = z −
(1 − α)(n + 1)

(1 + k)n + (1 − α)
zn+1 ; z = ∓r

Proof. From (2.3) and Theorem 2.1, it follows that

∞∑

m=n+1

mam ≤
(1 − α)(n + 1)

(1 + k)n + (1 − α)
.

Consequently, for |z| = r < 1, we have

| f ′(z)| ≤ 1 +
∞∑

m=n+1

mam|z|m−1 ≤ 1 + r n
∞∑

m=n+1

mam

≤ 1 +
(1 − α)(n + 1)

(1 + k)n + (1 − α)
r n
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and

| f ′(z)| ≥ 1 −
∞∑

m=n+1

mam|z|m−1 ≥ 1 − r n
∞∑

m=n+1

mam

≥ 1 −
(1 − α)(n + 1)

(1 + k)n + (1 − α)
r n.

This completesthe proof of the theorem.

Theorem 2.4.Let the functions

f (z) = z −
∞∑

m=n+1

amzm, am ≥ 0

and

g (z) = z −
∞∑

m=n+1

bmzm, bm ≥ 0

be inthe class(k, n, α) − ST . Thenfor 0 ≤ λ ≤ 1,

h (z) = (1 − λ) f (z) + λg(z) = z −
∞∑

m=n+1

cmzm, cm ≥ 0

is in the class(k, n, α) − ST .

Proof. Assume thatf, g ∈ (k, n, α) − ST . Thenwe have from Theorem 2.1

∞∑

m=n+1

[k(m − 1) + m − α] am ≤ 1 − α

and
∞∑

m=n+1

[k(m − 1) + m − α] bm ≤ 1 − α.

Therefore, wecan see that

∞∑

m=n+1

[k(m − 1) + m − α] cm

=
∞∑

m=n+1

[k(m − 1) + m − α] [(1 − λ)am + λbm]
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= (1 − λ)

∞∑

m=n+1

[k(m − 1) + m − α] am

+ λ

∞∑

m=n+1

[k(m − 1) + m − α] bm

≤ (1 − λ)(1 − α) + λ(1 − α) = (1 − α)

which completes the proof of Theorem 2.4.

Definition 2.1. The modified Hadamard productf ∗ g of two functions

f (z) = z −
∞∑

m=n+1

amzm, (am ≥ 0) and g(z) = z −
∞∑

m=n+1

bmzm, (bm ≥ 0)

is denotedby

( f ∗ g)(z) = z −
∞∑

m=n+1

ambmzm.

Wenow prove the following.

Theorem 2.5.If f, g ∈ (k, n, α) − ST , then( f ∗ g) ∈ (k, n, β) − ST , where

β =
(1 + k)n + 2(1 − α) − (1 − α)2

(1 + k)n + 2(1 − α)
.

Theresult is sharp for the functionsf (z) andg(z) given by

f (z) = g(z) = z −
(1 − α)

(1 + k)n + (1 − α)]
zn+1

where0 ≤ α < 1 and0 ≤ k < ∞.

Proof. From Theorem 2.1, we have

∞∑

m=n+1

[k(m − 1) + m − α]

1 − α
am ≤ 1 and

∞∑

m=n+1

[k(m − 1) + m − α]

1 − α
bm ≤ 1.

(2.4)

We have to find the largestβ such that

∞∑

m=n+1

[k(m − 1) + m − β]

1 − β
ambm ≤ 1. (2.5)
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From (2.4),we find that

∞∑

m=n+1

[k(m − 1) + m − α]

1 − α

√
ambm ≤ 1. (2.6)

Therefore (2.5)is true if

[k(m − 1) + m − β]

1 − β
ambm ≤

[k(m − 1) + m − α]

1 − α

√
ambm

or
√

ambm ≤
1 − β

1 − α

[k(m − 1) + m − α]

[k(m − 1) + m − β]
.

Note thatfrom (2.6)

√
ambm ≤

1 − α

[k(m − 1) + m − α]
.

Thus if
1 − α

[k(m − 1) + m − α]
≤

1 − β

1 − α

[k(m − 1) + m − α]

[k(m − 1) + m − β]

or, equivalently, if

β ≤
[k(m − 1) + m − α]2 − (1 − α)2[k(m − 1) + m]

[k(m − 1) + m − α]2 − (1 − α)2

then (2.5)is satisfied. Defining the function2(m) by

2(m) =
[k(m − 1) + m − α]2 − (1 − α)2[k(m − 1) + m]

[k(m − 1) + m − α]2 − (1 − α)2

we cansee that2(m) is an increasing function ofm. Therefore,

β ≤ 2(n + 1) =
(1 + k)n + 2(1 − α) − (1 − α)2

(1 + k)n + 2(1 − α)

whichcompletes the assertion of theorem.

3 Extreme points for (k, n, α) − ST

Theorem 3.1. Let fn(z) = z and fm(z) = z − 1−α
k(m−1)+m−α

zm, m = n + 1,
n + 2, ∙ ∙ ∙ . Then f ∈ (k, n, α) − ST iff it can be expressed in the form

f (z) =
∞∑

m=n

ζm fm(z),
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whereζm ≥ 0 for m ≥ n and
∑∞

m=n ζm = 1.

Proof. Assume that

f (z) =
∞∑

m=n

ζm fm(z).

Then

f (z) = ζn fn(z) +
∞∑

m=n+1

ζm fm(z)

= ζnz +
∞∑

m=n+1

ζmz −
∞∑

m=n+1

ζm
1 − α

k(m − 1) + m − α
zm

=

(
∞∑

m=n

ζm

)

z −
∞∑

m=n+1

ζm
1 − α

k(m − 1) + m − α
zm

= z −
∞∑

m=n+1

ζm
1 − α

k(m − 1) + m − α
zm.

Thus

∞∑

m=n+1

ζm

(
1 − α

k(m − 1) + m − α

)(
k(m − 1) + m − α

1 − α

)

=
∞∑

m=n+1

ζm =
∞∑

m=n

ζm − ζn = 1 − ζn ≤ 1.

Wehave f ∈ (k, n, α) − ST .
Conversely, suppose thatf ∈ (k, n, α) − ST . Since

|am| ≤
1 − α

k(m − 1) + m − α
, m = n + 1,n + 2, ∙ ∙ ∙ ,

we can set

ζm =
k(m − 1) + m − α

1 − α
, m = n + 1,n + 2, ∙ ∙ ∙ ,

and

ζn = 1 −
∞∑

m=n+1

ζm.
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Then

f (z) = z −
∞∑

m=n+1

amzm

= z −
∞∑

m=n+1

1 − α

k(m − 1) + m − α
ζmzm

= z −
∞∑

m=n+1

ζm(z − fm(z))

=

(

1 −
∞∑

m=n+1

ζm

)

z +
∞∑

m=n+1

ζm fm(z)

= ζnz +
∞∑

m=n+1

ζm fm(z)

= ζn fn(z) +
∞∑

m=n+1

ζm fm(z) =
∞∑

m=n

ζm fm(z).

This completesthe assertion of theorem.

Corollary 3.1. The extreme points of(k, n, α) − ST aregiven by

fn(z) = z and fm(z) = z−
1 − α

k(m − 1) + m − α
zm, m = n+1,n+2, ∙ ∙ ∙ .

If we taken = 1,k = 0 in Corollary 3.1, then we have the following result by
Silverman [3].

Corollary 3.2. The extreme points ofT ∗(α) are given by

f1(z) = z and fm(z) = z −
(1 − α)

m − α
zm, m = 2, 3, ∙ ∙ ∙ .
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